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Theorems of Vizing and Shannon establish upper bounds for the chromatic index 
of a graph. Using clique covers these theorems can be turned into statements on the 
chromatic number of a graph. We investigate covering and coloring problems 
suggested by these versions of the theorems. (a 1989 Academic Press, Inc. 
1. INTRODUCTION 
Classical theorems of Vizing and Shannon give upper bounds for the 
chromatic index x’(G) of a graph, resp. multigraph G [4]. The chromatic 
index of G coincides with the chromatic number of its line graph. If we 
characterize line graphs by clique covers as described in [6], the theorems 
of Vizing and Shannon take the form stated below. 
Throughout this paper we assume G to be a simple graph with vertex 
number IGI and chromatic number x(G). We use “clique” as an 
abbreviation for “complete graph.” The clique number o(G) is the largest 
number of vertices in a complete subgraph of G. The cliques C,, . . . . C, 
cover G, if G = uy= i C,. For a vertex x of G define (x) = {Cjlx E C,, 
j=l ” ..‘, ml. 
THEOREM (Vizing). Let the cliques C,, . . . . C, cover G, k = max, ( Cj /. rf 
(C, n C, I < 1 for every i # j and if ((x)1 < 2 for every vertex x of G, then 
x(G)<:+ 1. 
THEOREM (Shannon). Let the cliques C, , . . . . C, cover G, k = max, IC, /. 
Zf I(x)\ d 2 for every vertex x of G, then x(G) 6 3k/2. 
These theorems inspired us to look for possible upper bounds of x(G), if 
the vertices of G may be covered more than twice. We establish sharp 
upper bounds for o(G). In some special cases these bounds turn out to be 
also upper bounds for x(G). Several open problems are stated as an 
invitation to prove the same coincidence under more general conditions. 
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2. AN EXTREMAL PROBLEM RELATED TO VIZING'S THEOREM 
To avoid exceptional cases we define a projective plane of order 1 to be a 
triangle consisting of its vertices and sides. Let r, n be positive integers, 
r 3 2. 
LEMMA 2.1. Let the complete graph K, on n vertices be covered by the 
cliques C,, . . . . C, properly contained in K,. If ICi n Cjl < 1 for every i # j 
and if 1 (x)1 < Y for every vertex x of K,, then n < r2 - r + 1. Equality occurs, 
if and only if C,, . . . . C,, are the lines of a projective plane of order r - 1 on 
the vertices of K,,. 
Proof Let y be a vertex of K, that is not in Ci. The edges from y to the 
vertices of Cj must be in different cliques of the cover. This implies I C, / < r 
for j = 1, . . . . m. For an arbitrary vertex XE K, the set of cliques (x) covers 
all vertices of K,, consequently 
nd I(x)1 (r-l)+ 1 <r2-r+ 1. 
If n=r’-r+l, then I(x)l=r for every XEK,, and ICjl=r for every 
j=l 3 ..*> m. Together with I(x) n ( y)l = 1 for any pair of different vertices 
x, YE K,, this implies that the incidence structure formed by the vertices of 
K, and the cliques Ci, . . . . C, is a projective plane of order r - 1 [ 11. 
Clearly, n = r2 - r + 1 in this situation. 
THEOREM 2.2. Let the cliques C,, . . . . C, cover the graph G, 
k=max,IC,I. If ICinCjJ61foreveryi#jandif((x)ldrforeveryvertex 
x of G, then 
o(G) < max{k, r2 - r + 1). (1) 
If k < r, inequality (1) is strict. If r <k < r2 - r + 1, equality can be attained 
in (l), if and onIy if there is a projective plane of order r - 1. If 
k>r2-r+ 1, then o(G)= k, and if k>r2-r+ 1, then every complete 
subgraph of G on k vertices is an element of the cover (C,, . . . . CT,,,>. 
Proof Let K, be a complete subgraph of G on n = o(G) vertices. Since 
for any vertex x E K,, the cliques in (x) cover K,,, we have 
o(G)<r(k- l)+ 1. (2) 
For k< r this implies o(G) <r’- r + 1. So we may assume ka r. Let 
C,, . . . . C, be those cliques of the cover which meet K, in at least two 
vertices. If s = 1, then o(G) = k. So let s 3 2. Applying Lemma 2.1 to K,, 
covered by C, n K,,, j = 1, . . . . s, we obtain o(G) < r2 - r + 1. If 
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k > r’- r + 1, then w(G) <r’ - r + 1 contradicts w(G) 3 k. So s = 1 in this 
case and K,=Cr. If r<k<r’-r+l, then w(G)=?-r+f can be 
achieved according to Lemma 2.1, if and only if there is a projective plane 
of order r-l. 
PROPOSITION 2.3. Let the cliques C,, . . . . C, cover the graph G, 
k = max, 1 C,l. rf 1 Ci n Cj 1 < 1 for every i # j and if I (x)1 < r for every vertex 
x of G, then 
o(G)bk+(r- 1)2. (3) 
For a connected graph G equality can be attained in (3), if and only if G is 
complete and C,, . . . . C, are the lines of a projective plane of order r - 1 on 
the vertices of G. 
Proof. If k<r, then by (2) 
If k 2 r2 - r + 1, then by Theorem 2.2 w(G) = k <k + (r - 1)‘. So we may 
assume r <k < r2 - r + 1. Theorem 2.2 implies 
Suppose w(G) = k + (r - 1)2. Then we must have k = r. Let K,, be a com- 
plete subgraph of G on n = o(G) vertices, and let C,, ..,, C, be those cliques 
of the cover which meet K,, in at least two vertices. By Lemma 2.1 C, n K,, 
j= 1, . . . . s, are the lines of a projective plane of order r - 1 on the vertices of 
K,?. From IC, n K, 1 = r = k we deduce C, c K,, for j= 1, . . . . s. Since every 
vertex x of K, is covered by r cliques C, contained in K,, there can be no 
edge leading out of K,. Therefore, G = K,,, if G is connected. 
PROBLEM 2.4. Is there an integer f(r) such that the conditions of 
Proposition 2.3 imply x(G) < k + f(r)? 
We can take f(2) = 1 by Vizing’s theorem. Proposition 2.3 shows f(r) >, 
(r - 1)2, if f(r) and a projective plane of order r - 1 exist. 
3. COVERS WITH No RESTRICTION ON l(x)1 
THEOREM 3.1. Let the cliques C,, . . . . C, cover the graph G, k = 
max, ) C,l. If there is a positive integer i, such that every edge of G is in 
exactly A cliques of the cover, then w(G) <max(k, m}. If A= 1 and k < m, 
then w(G) = m is achieved, if and only if after removing every vertex covered 
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only once, G results in a complete graph K, on m vertices such that C, n K,, 
j = 1, . . . . m, are the lines of a projective plane or of a degenerate projective 
plane on the vertices of K,. 
ProoJ: Let K, be a complete subgraph of G on n = m(G) vertices. We 
may assume n > k. Let C,, . . . . C, be those cliques of the cover which meet 
K, in at least two vertices. Take C, n K,,, j = 1, . . . . s, as blocks of an 
incidence structure on the vertices of K,. Applying an extended form of 
Fisher’s inequality on block designs [ 1, p. 8 11 yields n < s 6 m. 
Now suppose J. = 1 and k < m. If o(G) = m, then n = s = m. This means 
that every clique of the cover meets K,,, in at least two vertices. Moreover, 
the cliques Cj n K,,,, j = 1, . . . . m, define a symmetric incidence structure on 
K,, such that there is exactly one block through every pair of different 
points. De Bruijn and Erdiis [2; see also lo] proved that the only 
incidence structures of this kind are projective planes and degenerate 
projective planes. A degenerate projective plane on m points has a single 
block (line) incident with m - 1 points, while the remaining m - 1 blocks 
are incident with just two points. Since any two different blocks in a 
projective plane or degenerate projective plane meet in exactly one point, 
any two cliques of the cover meet in K,,,. Vertices of G not belonging to K,,, 
are in exactly one clique of the cover. So if we remove all vertices of G 
covered only once, we arrive at K,, and the cliques of the cover are 
reduced to Cjn K,,,, j= 1, . . . . m, the blocks of a projective plane or 
degenerate projective plane. 
COROLLARY 3.2. Let the cliques C,, . . . . C, cover the graph G, k = 
maxi ) C,/, 1 Ci n Cjl < 1 for every i # j. If m d k, then w(G) = k. If m < k, then 
every complete subgraph of G on k vertices is an element of the covet 
{Cl > . . . . cm>. 
ProoJ: Assume m <k and suppose K, is a complete subgraph of G on 
n = k vertices. If K, does not belong to the cover, then we conclude as in 
the proof of Theorem 3.1 that n dm, which contradicts m <k. 
This corollary leads to a coloring problem first posed by Erdos, Faber, 
and Lovasz [3]. 
PROBLEM 3.3. Let the cliques C,, . . . . C, cover the graph G, k = 
max, I<,/, JCj n C,l < 1 for every i# j and m <k. Do these conditions imply 
x(G) = k? 
We have found a positive answer up to m = 7. 
PROPOSITION 3.4. rf in addition to the conditions of Problem 3.3 /(x)1 d 2 
for every vertex x of G, then x(G) = k. 
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Proof Let C E {C,, . . . . C, >, j Cl = k. If ( (x)1 = 2 for every vertex x E C, 
then 
k= ICI < C (l(x)\ - l)<m- 1, 
i E c 
which contradicts m d k. Remove every vertex .X of G that is covered only 
once. Then G becomes G’ and C, , . . . . C, reduce to C;, . . . . CL covering G’. 
Now maxi IC,i j d k - 1 and Vizing’s theorem yields x(G’) f k. Clearly, a 
k-coloring of G’ extends to a k-coloring of G. 
PROPOSITION 3.5. Let the cliques C,, . . . . C, cover the graph G. Ij 
(Ci n C,I d 1 for every i # j and tf I(x)1 > 2 for every vertex x of G, then 
o(G) em. Equality is attained, if and only zf G is complete and the cliques 
C,, . . . . C, are the lines of a projective plane or of a degenerate projective 
plane on the vertices of G. 
Proof. As in the proof of Proposition 3.4 we conclude from I(x)1 > 2 for 
every vertex x that k = max, I C,) d m - 1. Now w(G) < m and the condition 
for equality follows from Theorem 3.1. 
PROBLEM 3.6. Do the conditions of Proposition 3.5 imply x(G) <m? 
Problems 3.3 and 3.6 are equivalent. 
4. AN EXTREMAL PROBLEM RELATED TO SHANNON'S THEOREM 
Shannon’s theorem leads to an interesting extremal problem for finite 
incidence structures. Let D = (9,9I) be a finite incidence structure with 
point set 9 and block set 9. Points are denoted by P and blocks by B. We 
assume that the set of points incident with a block is a nonempty, proper 
subset of 9. (Bl is the number of points incident with B, and (P) is the set 
of blocks incident with P. 
(i) IBI <k for every B, 
(ii) I (P)J < r for every P, 
(iii) J(P) n (P’)J b 1 for every P # P’. 
What is the maximal number of points D may have under these con- 
ditions? 
THEOREM 4.1. If D has u points and satisfies (i), (ii), (iii), then 
v < (r - 1 + l/r)k. (4) 
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Equality in (4) is attained, if and only if r divides k and D results from a 
projective plane of order Y - 1 by splitting each point into k/r new points 
incident with the same blocks as the original vertex. If kc r or if deleting 
points of D never leads to a projective plane of order r - 1, then v < (r - 1 )k. 
This theorem essentially follows from a theorem of Fiiredi [IS] on 
hypergraphs. A hypergraph H is r-uniform, if all of its edges consist of r 
vertices. It is called intersecting, if any two edges meet. 
PROPOSITION 4.2 (Fiiredi). If H is an r-uniform, intersecting hypergraph 
with b edges and maximal degree A, then 
b<(r- 1 + l/r)A. (5) 
Equality is attained in (5), if and only if H is a projective plane of order 
r - 1. If H is not a projective plane of order r - 1, then b 6 (r - l)A. 
We now assume that H is r-uniform and intersecting, but that it may 
have multiple edges. An analysis of Fiiredi’s proof shows that (5) also holds 
in this case and that b d (r - 1 )A, if there is no projective plane of order 
r - 1 formed by a partial hypergraph of H. Suppose equality holds in (5). 
Then there is a projective plane PC’) contained in H. Every edge of H 
represents a minimal transversal of P(l). By a theorem of Pelikan [9] the 
only minimal transversals of a projective plane are its lines. So every edge 
of H is in P(l) or has a copy in P(i). The hypergraph H and P(l) have the 
same vertex set V(H). Define H, = H - P(l), where H and P(i) are con- 
sidered as sets of edges. Let b, be the number of edges in JY, and A, the 
maximal degree of H, . Then b, = (r - 1 + l/r) A, and if H, i a, there is a 
projective plane P (2) of order r - 1 in H,, which is a copy of P(I) on the 
same vertex set. Define H, = H, -P (*) Continuing in this way we see that . 
H consists of A/r copies of a projective plane of order r - 1, where each 
copy has the same point set V(H). 
Next we dispense with the condition of r-uniformity. If H has an edge 
with at most r - 1 vertices, then by a trivial argument b d (r - 1 )A. If 
lel d r for an edge e E H, then by the same argument 
b<r(A-l)+l=(r-l)A+A-r+l, 
which implies b d (r - 1) A, if A < r. Thus we have verified the following 
theorem. 
THEOREM 4.3. Let H be an intersecting hypergraph, which may have mul- 
tiple edges. If H has b edges and maximal degree A, and if every edge has at 
most r vertices, then 
b < (r - 1 + l/r) A. (6) 
582bJ46J3.7 
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Equality is attained in (6) if and only if r divides A and H results from a 
projective plane of order r - 1 by taking each line A/r times. If A < r or if 
there is no projective plane of order r - 1 contained in H, then b < (r - 1)A. 
Theorem 4.1 follows as the dual of Theorem 4.3. 
PROPOSITION 4.4. Let the cliques C,, . . . . C, cover the graph G, k = 
max, / C, /. If 1 (x) 1 6 r for every vertex x of G, then 
w(G) d (r - 1 + l/r)k. (7) 
For a connected graph G equality can be attained in (7), zf and only zf G is 
complete, r divides k, and C,, . . . . C, are the blocks of an incidence structure 
on the vertices of G, which can be obtained from a projective plane of order 
r - 1 as described in Theorem 4.1. If k < r or if there is no projective plane of 
order r-l, then o(G)<(r-l)k. 
Proof. Let K, be a complete subgraph of G on n = o(G) vertices. 
Suppose C,, . . . . C, are those cliques of the cover which meet K,, in at least 
two vertices. Then C, n K,, j= 1, . . . . s, define an incidence structure D on 
the vertices of K,, satisfying the assumptions of Theorem 4.1. Therefore, 
w(G) < (r - 1 + l/r)k, resp. o(G) < (r - 1)k. Equality in (7) is attained, if 
and only if D results from a projective plane of order r - 1 by splitting each 
point into k/r new points. Then we have ICjn K,, 1 = k, Cjc K,, for 
j = 1, . . . . s, and every vertex x of K,, is in r cliques C, c K,,. There can be 
no edge from a vertex x E K,, to a vertex x $ K,. Thus G = K,,, if G is 
connected. 
PROBLEM 4.5. Does the hypothesis of Proposition 4.4 imply x(G) d 
(r - 1 + l/r)k? 
For r = 2 the answer is affirmative by Shannon’s theorem. 
5. FINAL REMARKS 
By a theorem of Kierstead and Schmerl [7, S] it is possible to turn an 
upper bound of w(G) into an upper bound of x(G). Let K,,, denote the star 
with central vertex of degree 3 and K, -e the complete graph on five ver- 
tices with a missing edge. Kierstead and Schmerl proved x(G) <o(G) + 1, 
if G does not have K1,, or Kg-e as induced subgraphs. If we add the 
hypothesis of this theorem to the conditions of Problems 2.4, 3.3, and 3.6, 
these problems have a positive solution. 
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